Introduction
The principle that digital information can be encoded at the molecular level, as a linear sequence of monomer residues in a high molecular weight copolymer chain, has provided a denitive basis for the whole of biology. [1] [2] [3] [4] Life, however, remains the sole example of an operational information technology working at the molecular level, despite the fact that even the simplest two-monomer linear copolymer is the logical equivalent of a binary string. 5 Nevertheless, signicant efforts are now being made to develop sequence-dened, synthetic copolymers and to explore their potential for information storage and processing. [6] [7] [8] [9] [10] [11] [12] Interestingly, even random copolymers have potential in this eld, since it is well established that the information capacity of a linear sequence reaches a maximum when the sequence is fully random. 13 This slightly counter-intuitive result makes sense when it is realised that "information" comes in two forms, (i) potential information (or information capacity), which is simply the number of digits present when information is expressed in the form of a binary string (ignoring any possible meaning), and (ii) contextual information, whereby sequences within such a string acquire meaning through the application of an external context.
14 For example, the string of letters that comprise the title of this paper is, if not completely random, at least completely arbitrary -it only conveys information because short sequences within the string such as "fractal", "spectrum", and "intercalation" have previously been assigned meaning in the context of the English language. Indeed the letter-sequence "fractal" was given meaning only a few decades ago, by Mandelbrot;
15 a good example of how a specic but meaningless sequence can become information through the application of context. A possible approach to generating information from an extended but random copolymer chain would therefore be to identify short, specic sequences within the copolymer, to which meaning may eventually be assigned, then to read out these sequences by selective interaction with some form of "reader-molecule", and nally to give the identied sequences contextual meaning. Generating information by selecting sequences from a pre-existing copolymer chain is just as valid as synthesising the same sequences from scratch. Conceptually, it is the equivalent of selecting words from a dictionary rather than spelling them out letter by letter. With regard to molecular-level reading of sequences in synthetic copolymers, some progress has been made using the ability of p-electron-rich tweezer-molecules 16 to bind reversibly to specic triplet sequences in chain-folding aromatic copolyimides. [17] [18] [19] [20] This form of sequence-recognition involves sterically and electronically complementary p-p-stacking between the tweezer arms and the diimide residues of the copolymer, producing large ring-current shielding effects, 21, 22 and thereby resolving extended sequence-information in the 1 H NMR spectrum.
Here we report the results of a different form of supramolecular sequence-reading, based on selective but dynamic intercalation of the simple aromatic probe-molecule pyrene into specic chain-folds of a novel copolyimide, 1 (Fig. 1 ). This type of assembly reveals progressively more extended sequenceinformation in the 1 H NMR spectrum of the copolymer as the concentration of probe molecule increases. Wholly unexpectedly, the sequence-information being "read" is ultimately expressed in the form of a self-similar pattern in the diimide region of the spectrum. Self-similarity is perhaps the most general characteristic of objects showing fractal geometry, [23] [24] [25] and mathematical or "true" fractals show perfect self-similarity over an innite number of length scales. Real objects, however, are much less perfectly structured and are generally described as fractal "if they contain parts that at two or more smaller scales appear in some way similar to the whole". 26 There have been several reports of molecular and supramolecular structures that show self-similarity and approximate fractal geometry, [27] [28] [29] most recently via the assembly, through halogen bonding, of brominated oligophenylenes on the Ag(111) surface to give some very realistic Sierpiński triangles as visualised by STM. 30 In the present work however, self-similarity emerges not in the structure of a molecular assembly itself, but in the induced magnetic eld (and consequent NMR spectrum) created by dynamic, sequence-specic intercalation of small aromatic molecules into a random copolymer chain.
Results and discussion
In the absence of pyrene, copolymer 1 exhibits a three-line group of resonances (relative intensities 1 : 2 : 1) at lowest eld (Fig. 1A) . These arise from naphthalenediimide (NDI) residues anked by either two aromatic diamine residues (Ar-NDI-Ar), two aliphatic diamine residues (Al-NDI-Al), or one of each (Ar-NDI-Al). The latter, unsymmetrical sequence is directionally degenerate, i.e. there also exists a reverse sequence (Al-NDI-Ar) which, when read backwards, is the same as the original. Thus, in a random 1 : 1 copolymer there are twice as many sequences of this type as there are of each of the other two sequences. The observed pattern of intensities (1 : 2 : 1) conrms that the monomer sequence, at least at the triplet level, is genuinely random.
Addition of progressively increasing amounts of pyrene (in the perdeuterated form, to avoid resonance-overlap) to a 4 mM solution of copolymer 1 produced marked splittings and large upeld shis (Dd up to 0.62 ppm) of some of the diimide resonances (Fig. 1A-D) . These effects clearly result from the binding of pyrene-d 10 molecules to the copolymer chain, and the absence of separate resonances corresponding to bound and unbound polymer shows that the system is dynamic, with fast exchange on the NMR timescale.
The most remarkable feature of the diimide region of the spectrum at high pyrene loadings (Fig. 1D) is its self-similarity, as illustrated in Fig. 2 where the original spectrum (a) is shown re-scaled by 1/4, 1/16, and 1/64. In each case, the re-scaled spectrum closely resembles the highest-eld quarter of the previous-scale spectrum. Spectrum (b) is a geometric reconstruction in which these re-scaled copies successively replace the highest eld 1/4 of the previous spectrum. Even allowing for the effects of scaling on spectroscopic linewidths, it is clear from the reconstruction shown in Fig. 2b that the experimental spectrum does indeed consist -to good approximation -of smaller copies of itself over at least three length scales, and can therefore be described as self-similar. 26 We have developed an atomistically well-dened model that predicts the emergence of self-similar character in the 1 H NMR spectrum of the pyrene-intercalated copolymer, and even allows the underlying mathematical fractal to be identied. This model builds on the idea that the total ring-current shielding experienced by a diimide proton is the sum of the diminishing shielding effects produced by intercalator-molecules that bind at progressively greater distances along the polymer chain from a central, "observed", diimide residue (Fig. 3A) . [17] [18] [19] [20] Dening a chain-fold comprising two NDI units linked by a 1,2-bis(2-aminoethoxy)ethane residue as "II" and one comprising an NDI unit adjacent to a 4,4 0 -biphenylenedisulfone group as "IS" (or "SI"), then our initial model is illustrated in Fig. 3A as an energyminimised, chain-folded and intercalated septet sequence.
However, this initial model takes no account of differences in binding constant between pyrene and the different chainfolds present in copolymer 1. Fig. 1 shows clearly that there must be large differences of this type, because resonances representing different sequences are shied upeld by anything from 0.07 ppm (for "SIS"-centred sequences) to 0.62 ppm (for "III"-centred sequences) [note that the sequence "SS" is forbidden by the chemistry of the copolyimide, since the diamine residue "S" must always be followed by (and preceded by) the diimide residue "I"].
Crystallographic evidence for strong complexation of pyrene at the "II" chain-fold was provided by single crystal X-ray analyses of the model complex 3 (Fig. 3B ). Here, a pyrene molecule is bound by an oligomer (2) comprising two NDI residues linked by a single fold-unit and terminated by phenyl residues. The area of overlap between the pyrene and NDI units is very high (Fig. 3C) , and their separations (atom-to-plane distances of 3.3-3.5Å) correspond to tight van der Waals contact (Fig. 3B) . Moreover, the recently-reported crystal structure of a different complex, now between oligomer 2 and a bis-pyrenyl tweezer molecule provides a very good model for the multiplyintercalated structure proposed in Fig. 3A . 31 See ESI. † Given the evidently large difference in binding constant between sequences "SI" and "II", we next adopt the simplifying approximation that pyrene binds only to "II" sequences so that, in a predictive binding model, the positions of "II" pairs are the dening characteristics of any longer sequence. For example, reading outwards in both directions from the central "observed" diimide residue (highlighted here in red), the septet sequence contains two "II" sites immediately adjacent toand including -the central residue. In addition, there is one "II" site at a next-adjacent position, and one "II" site at an outermost position. In binding terms, the sequence ISIIIII can therefore be described by the 3-digit code [211] . See Fig. 4 .
Any imide-centred septet sequence can similarly be assigned a 3-digit code in which the highest possible value of any digit is 2 and the lowest value is zero since, in any linear copolymer the number of monomer residues of a given type at a specic distance from any other monomer residue can only be 0, 1 or 2. The code for would then be [222] and, for , [220] . The experimental data, however, reveal an additional requirement for translating copolymer sequences into digital codes based on "II" pairs. This is that pyrene intercalation into "II" binding sites outside an "S" residue (relative to the central "I" residue) must be ignored. This effect may result from the weakly binding The inset shows the entire spectrum re-scaled Â1/4 (green), Â1/16 (red) and Â1/64 (yellow) in both dimensions. In every case the rescaled spectrum closely resembles the highest field one-quarter of the spectrum at the previous length scale. (b) Reconstruction of spectrum "(a)" by deleting the highest field 1/4 of the spectrum and replacing it with a 1/4 scale copy of the original spectrum, and then repeating the process over two further length scales. Although this type of geometric reconstruction does not reproduce the original spectrum exactly, mainly owing to progressive narrowing of the spectroscopic linewidth, comparison of (a) and (b) brings out the self-similar character of spectrum (a) very clearly.
"SI" sequence allowing a gross departure from the timeaveraged, chain-folded conformation (Fig. 3A) that enables long range ring-current shielding of the central "I" by intercalating pyrene molecules. Examples of this methodology for assigning digital codes to copolymer sequences are illustrated in Fig. 4 , where "I" residues outside an S residue are given the symbol "Î".
The 27 three-digit codes containing only the digits 0, 1 or 2 are shown in Table 1 . Although every possible septet-sequence in copolymer 1 can be assigned a code, not every code corresponds to a realisable sequence, reducing the number of assignable codes from twenty-seven possibilities to just the ten codes shown in blue in Table 1 . A number of codes show redundancy in that, from the rules of the model described above, they can represent two or even three of the 15 different sequences. There are 64 (2 6 ) "I"-centred septet combinations of "I" and "S", but 39 of these contain "SS" pairs which are not allowed by the chemistry of the system. This reduces the total to 25, but 10 of these are unsymmetrical and so are indistinguishable in NMR terms from their reverse sequences, reducing the total to just the 15 sequences shown in Table 1 .
The magnitude of shielding of the central, "observed" diimide residue produced by each intercalating pyrene molecule diminishes progressively (we estimate, empirically, by a factor of about four per chain-fold under the conditions of the experiment) as it binds further and further out from the centre of the sequence. The sequence , described by the code [222], thus produces the maximum possible degree of ring-current shielding of the central diimide residue when the sequence is intercalated by pyrene. The sequence , described by the code [210], will lead to a lesser degree of cumulative shielding, and the effect can be quantied as illustrated in Fig. 5 . The 4 Methodology for assigning 3-digit codes to different septet sequences in copolymer 1. For each septet sequence, the numbers of "II" pairs at the three types of position relative to the central, observed diimide residue (adjacent, next-adjacent and next-next-adjacent) give the three digits of the corresponding code. Note that diimide residues outside an "S" residue (relative to the centre) are coded asÎ. These do not contribute to the total ring current shielding of for reasons discussed below. 
as , and neighbouring diimide residues are shown as either "I" orÎ depending on whether they are "inside" or "outside" an S residue (relative to the central ). Pyrene binding toÎÎ pairs appears to produce no additional shielding of the central residue, and such pairs are therefore ignored when assigning digital codes to sequences. The unused codes in this table correspond to patterns of "II" pairs for which no septet sequences can exist in copolymer 1 Fig. 5 Cumulative magnetic shielding effects produced by pyrene molecules (purple) intercalating into copolymer chain-folds (black for "I" and gold for "S") that are progressively more distant from a central, "observed" diimide residue. Two examples of septet-sequences in copolymer 1 are shown, along with their intercalated pyrene molecules. The large difference in binding constant for pyrene between the sequences "II" and "IS" is approximated by ignoring binding to "IS" (and "SI") altogether. Ring-current shielding of the central diimide protons by intercalating pyrene molecules is proposed to fall off by a factor of approximately four at each successively more distant chain fold. Each different copolymer septetsequence gives rise to a three-figure code representing the number of pyrene molecules (0, 1 or 2) that can intercalate at each of the three types of position in the sequence. The total magnetic shielding, T, experienced by the central diimide protons of any septet sequence is the sum of the individual shielding factors, taking account of their multiplicity (0, 1 or 2).
integers of the digital shielding code can be shown to represent the coefficients of a quaternary expansion of a total (decimal) shielding parameter T for that sequence. In the presence of pyrene, sequences with higher values of T will produce larger complexation shis of the central diimide resonance than sequences with lower values of T. Fig. 5 shows the summation of shielding factors for just two possible septet sequences, but the approach is valid for all allowed septets, so that in general terms:
where N k takes the values 0, 1 or 2, as dened in Table 1 . These are the only possible values of N k , because, in a linear copolymer, the number of monomer residues of a given type at a specic distance from any other monomer residue can only be 0, 1 or 2. Eqn (1) thus represents a rather general description of the intramolecular environment of the central monomer residue in any binary copolymer sequence. There is, moreover, no requirement to limit the sequence-length to septets: small but incremental increases in the total shielding factor will result from pyrene intercalation at even quite distant chain folds. Then, for an innite "I"-centred sequence in copolymer 1 we would have:
where, again, N k may (only) take the values 0, 1 or 2. The proposed exponential fall-off in shielding with distance clearly differs from the quadratic decline found for ring-current shielding of a single static proton within the shielding zone of a single aromatic molecule. 22 However, the present dynamic system, with its interpolating pyrene molecules and diimide units between the shielding molecules and the observed protons, obviously cannot be represented by such a simple model. As shown below, the exponential model leads to excellent agreement with experiment, indicating that the fall-off is indeed exponential in this system. The value of 4 for the exponential base is empirical and is determined by the NMR data. In the ESI † we show that the exponential base does not need to be an integer (in fact, direct tting of the model against experimental data leads to a value of 3.9 AE 0.1), but we refer to its value as approximately four in order to introduce more easily the elegant geometric representation given below. Eqn (2), which emerges from purely structural and magnetic considerations, denes a known, specic mathematical fractal which we term the "fourth-quarter" Cantor set. This fractal was rst described (in more general terms) by Smith in 1875, 32 but so far as we are aware it has not been found to underlie phenomena in the physical world until now. It is a variant of the more famous "middle-third" Cantor set, [33] [34] [35] which may be dened as "those numbers in the interval [0, 1] that admit ternary expansions not containing the integer 1". 23 Geometrically, the latter set is constructed by dividing a line of unit length into three equal segments; deleting the middle segment; and repeating these operations on the remaining segments. What remains aer an innite number of such divisions and deletions is the middle-third Cantor set.
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Since the values of N k in eqn (2) represent the coefficients of a quaternary expansion, and the possible integers of a quaternary number are 0, 1, 2 and 3, then the fourth-quarter Cantor set (eqn (2)) can be dened as "those numbers in the interval [0, 1] that admit quaternary expansions not containing the integer 3". In the ESI † we include a formal proof of the equivalence between eqn (2) and the fourth-quarter Cantor set. The geometric construction of this set (Fig. 6) involves dividing a line of unit length into four equal segments, deleting the fourth quarter, repeating these operations on the remaining segments, and so on indenitely. The set converges to an upper limit of 0.666., and has a fractal (Hausdorff) dimension 26 of 0.792. Unlike the middle-third set, the "remaining segments" of the fourth-quarter set are contiguous and so, in Fig. 6 , are coloured to allow the construction to be visualised.
Each iteration increases the sequence-length represented in the model, with the rst iteration describing, in the present Table 2 Total shielding factors T and sequence-probabilities P for the allowed septet sequences in copolymer 1. The simulated 1 H NMR spectrum shown in Fig. 6 was generated by plotting "Group probability" (final column) against "Group T-value" (fourth column) system, the induced magnetic eld arising from triplet sequences, the second from quintets, the third from septets, and so on without limit. Aer three iterations the set contains 27 segments corresponding to the 27 septet-based codes shown in Table 1 . If we now delete the segments corresponding to codes which cannot be generated by any permitted sequence in copolymer 1, a pattern of shielding factors emerges ( Fig. 6 ; codes shown in red) that corresponds very closely to the pattern of complexation shis observed in the NMR experiment. In the nal model, complexation shis, Dd, displayed by the central diimide resonance in any given monomer sequence are proportional to the total shielding factor T for that sequence. As the proportionality constant between Dd and T is very close to 1 ppm, we can set T (a dimensionless number) equal to Dd in ppm, thus enabling simulation of a 1 H NMR spectrum in which the complexation shi of each septet is given by eqn (1), using as coefficients (N k ) the digits of the codes shown in Table 1 . Of course resonance intensities (integrals) are also required for any meaningful 1 H NMR simulation, and in a random copolymer these are given simply by the relative probabilities of all possible septet sequences. Values of T for each allowed septet, calculated from eqn (1), together with the corresponding sequence-probabilities, are shown in Table 2 . No model is required to account for these sequence-probabilities: in a hypothetical, innite, random copolymer chain they are rigorously dened, and a 1 H NMR sample containing trillions of high molecular weight copolymer chains is a close approximation to such a chain. It is interesting that the set of sequenceprobabilities for copolymer 1 shows the same type of selfsimilarity (a fourfold contracting transformation) as that found for the set of shielding factors T. Thus, in the diimide region, the entire NMR spectrum -in terms of both chemical shis and resonance intensities -is self-similar. The predicted values of total shielding T (from eqn (1)) and sequence probabilities P are shown in Table 2 .
In the present context we should emphasise the distinction between fractality and self-similarity. The self-similar character of our experimental NMR spectrum (Fig. 2) does not mean that the spectrum itself can be described as a fractal. What is a fractal is the underlying set of all shielding factors, given by eqn (1), within which the physically-permitted contributions are embedded. As seen in Fig. 2 , the spectrum shows scaling about just a single point (at ca. 8.1 ppm), so that the pattern contains only one copy of itself at each scale. Mathematical or "true" fractals show scaling about several points: the classical "middlethird" Cantor set, for example, contains copies of itself in the rst and last third of the set, and the fourth-quarter Cantor set described here contains copies of itself in the rst, second and third quarters. The self-similar characteristics of the observed 1 H NMR spectrum (Fig. 3 ) therefore represent only elements of the latter fractal, and the self-similarity of this spectrum is equivalent to that of the so-called logarithmic spiral, whose structure appears the same when magnied about just a single point (the origin). 36 It may be noted that logarithmic spirals are found embedded within several fractals, including the wellknown Mandelbrot set, 15 in much the same way that the NMR spectrum under discussion here is embedded within the fourthquarter Cantor set.
As noted above, Fig. 6 shows a simulated 1 H NMR spectrum generated using total shielding factors T to predict chemical shis and sequence-probabilities P to give predicted integrals. Correlation of the predicted spectrum with the experimental spectrum of the pyrene complex of copolymer 1 is remarkably good. Indeed, a correlation plot of T vs. Dd is very close to being linear, as shown in Fig. 7 . Moreover, eqn (2) predicts that sequences longer than septets, represented by further iterations of the fractal construction, should provide even more realistic predictions of shielding factors and complexation shis, and this is borne out by simulation of a spectrum now based on nonet sequences (see ESI †).
Conclusions
This work describes a copolymer intercalation-complex whose 1 H NMR spectrum contains almost exact copies of itself over several different length scales, demonstrating for the rst time the existence of self-similarity in an NMR spectrum. The geometrical structure of the spectrum is rationalised on the basis of an atomistically-dened, supramolecular model that predicts a direct relationship between the observed spectrum and the mathematics of fractals, specically the fourth-quarter Cantor set. A simulation of the spectrum based on this set provides a remarkably good match to the experimental data and at the same time enables all the observed resonances to be assigned to specic sequences or groups of sequences. This type of fractal can in fact provide a general, mathematical description of the environment of any monomer residue within a binary copolymer chain, and we are currently exploring its application to a wide range of copolymer systems and their supramolecular complexes.
Experimental

General considerations
Synthetic procedures were carried out under an atmosphere of dry nitrogen unless otherwise specied. Solvents and reagents were obtained from Sigma-Aldrich and used without purica-tion unless otherwise stated. N,N-Dimethylacetamide (DMAc) and N,N-dimethylformamide (DMF) were distilled over calcium hydride before use. statted water bath on 0.1% w/v polymer solutions in 1-methylpyrrolidinone (NMP) using a Schott-Geräte CT-52 semiautomated viscometer and AVS 470 measurement system. Gel permeation chromatography was carried out using a Polymer Laboratories PL-220 instrument tted with 2Â PL 10 mm mixed B columns. Computational modelling using molecular mechanics with charge-equilibration, (DREIDING force-eld, Materials Studio, v. 7.0, Accelrys Inc., San Diego) was carried out in order to obtain a preliminary structural model for copolymer-pyrene interactions. Simulated NMR spectra were generated using the "Peak Table to Spectrum" script in Mestrenova (v. 9.0, Mestrelab Research, Santiago de Compostela).
Single crystal X-ray data were measured for the pyrene complex 3 on an Oxford Diffraction X-Calibur Gemini diffractometer at 150 K using Cu-Ka radiation. Equimolar stock solutions with exact concentrations of pyrened 10 (24 mM) and copolymer 1 (24 mM) with respect to diimide residues in CDCl 3 /hexauoropropan-2-ol (6 : 1 v/v) were prepared by weighing an approximate amount of sample and adding the required volume of solvent via a micropipette. Copolymer solution (100 mL) was added to each NMR tube using a micropipette and varying volumes of pyrene solution were then added to the tubes (e.g. 100 mL for 1 : 1 molar ratio of pyrene to diimide). The NMR tubes were all then lled to 600 mL total volume with the required volume of solvent (e.g. 400 mL to the 1 : 1 solution) and were well-mixed, thus affording a constant diimide concentration of 4 mM in each tube.
Crystal data for complex 3 
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